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(INE INTEGRAL OF VECTOR POINT FUNCTIONS

Let F(x y 2) be a vector point function defined at all

points in some region of space and let C be a curve in

that region.
Let the position vectors of two neighbouring points

pandQonCber and 7 +A 7.Then PQ=Ar.If F

1cts at P in a direction that makes an angle 6 with PQ,



then F - AT = F(Ar) cos 6
In the limit, F - d7 = F dr cos 6.
Note Physically 7 - d7 means the elemental work done by the force F through

the djsﬁlacemem dr.
ne integral of F along the curve C.

Now the integral [F-dF is defined as the i
c
Since jf dF = [F cos @dr, it is also called the line integral of the tangential

c
component of F along C.

Notre (1) f I? .d7 depends not only on the curve C but also on the terminal

A
(©)
points A and B.
B e -
(2) Physically _[F .d7 denotes the total work done by the force F in

A
(€)

displacing a particle from A to B along the curve C.

B
(3) If the value of [F -dF does not depend on the curve C, but only on the

A
terminal points A and B, F is called a Conservative vector. Similarly, if

the work done by a force F in displacing a particle from A to B does not
depend on the curve along which the particle geis displaced but only

on A and B, the force F is called a Conservative force.
(4) If the path of integration C is a clesed curve, the line integral is denoted

as ff—d?.
c
(5) WhenF =F,i +F, j+F, k,

IF'dF =J.(F1’T+FzJT+F3.E)'(dxf-+dy_]_'+dzlz)
C

(. r—xt+yj+zk)

—-_[ (F\dx + Fydy + F3d z),which is evaluated as in the
problems in Chapter 1.

6 = £ ¢dr, where ¢ is a scalar point function and [Fx dF are also line
integrals. i
Condition for F to be Conservative

If Fisan Irrotational vector, it is conservative
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Proaf: Since Fis imotational, it can be expressed ns Vo, io., F = Vo

H... I
[£-di =]V qi
A A

NP AP 9
..{J“(—mm;-i-—a-}l--—q?-ﬁ]((h!!d)’j'i'd?k)

ax ay' Jdz
99 101904, 29
I(()\ da +‘;9‘;(l)’+-()—‘—dz]
h
- Id(b
A ?

B
=[¢] 4+ Whatever be the path of integration

= ¢(B) - p(A)

. Fis LOI\\LIWIIIVL‘
Mf. t F is nmtauonal (and hence conservative) and C is a closed curve, then

{F.dr =
¢
[+ §(A) = ¢(B), as A and B coincide]

Surface Integral of Vector Point Function

Let S be a two sided surface, one side of which is
considered arbitrarily as the positive side. A

Let F be a vector point function defined at all F\ n
points of S. 6 4

Let dS be the typical elemental surface area in s
S surrounding the point (v, ¥, 2). x v, 2)

Let /i be the unit vector normal to the surface S
Sat (x, y, z) drawn in the positive side (or outward

%2 2) P ( Fig. 2.3

direction)
Let 6 be the angle between F and n.

. The normal component of F = F-n=
The integral of this normal component

dS over the surface S is called the surface integra

{FCOS 8dS or JF*:’E ds.
s

F cos 6
through the elemental surface area

lof F over§ and denoted as

If 45 is a vector whose magnitude is dS and whos¢ direction is that of n, then
d§ =5 dS.

. [F-#dS can also be written as J’F d
§ 13
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Note (1) If S is a closed surface, the outer
positive side.

(2) [¢dS and [F X 45 . where ¢ is a scalar poin
§ )
integrals.

(3) When evaluating _[1? -
s

surface is usually chosen as the

t function are also surface

;i dS , the surface integral is first expressed in the

s in problems in Chapter 1.
lar form, we convert it into a double

S is also denoted as

scalar form and then evaluated a
To evaluate a surface integral in the sca 4
integral and then evaluate. Hence the surface integral [F -d
s
[[F-dS :
5 .

Worked Example 2(c)

Example 1 Evaluate [¢dF, where Cis the curve x= 1, y=1>,z= (1 —1) and
c

¢=x2y(l+z)fromr=0to:=l.
F=xi +y] +2k

dF =dxi +dyj + dzk

Hence the given line integral I = J xy(1+2) (dxi + dyj + dzk)
C

i [x2y(l+2)dx+] [x2y1+dy+k [x?y(1+2)d2
C Cc C

1 1 1
—ifrt@-na+ifrt@-n2ad+k[tt@-nd)
0 0 0

P 2 t6 ! T[ 16 !7]1 'I: t3 t6 :
I B e T e e R
l[ 5 6}0 J 6 7 0 5 6 0

Example 2 If F = xyi — zJ + x’k, evaluate [F x dF, where C is the curve
C
x=1%y=2t,z=1%from (0,0,0) to (1, 2, 1).

i Jj k
F xdr = xy -z x2

dx dy dz

=—(zdz+x*dy)j - (xydz-x? dx)j + (xydy + zdx)k



.. The given line integral

_-:j [-(zdz + 2 dy)i - (xy dz — x? dx).l_' + (xy dy + zdx)k ]
C

I _ <

=[ [P -3+ Ddei - 203 32— 1% 20dtS + 2324172 ik ]
0
[-- (0, 0, O) corresponds to t = 0 and (1, 2, 1) corresponds to ¢ = 1]

=L _ | B
=—if Gr* + 2% dr = j [6r° ~ 20%)dr + k [(41° + 20%)dr
0 0 0
6 53! 6\! s\
=—[-(3I——+2f—) - (4LJ +E(;4+2I_)
6 5 0 6 0 5 .

Example 3 Find the work done when a force F = x2=y2+x)i —Qxy+))J
displaces a particle in the x y-plane from (0, 0) to (1, 1) along the curve (i) y = x,
(ii) y? = x. Comment on the answer.

W = Work done by F =jf-d?
C -
[ (6= y2+ 00 - @xy+y)J]-@xi +dyJ +dzk)
C

=[ [(x2=y%+x) dx - (2xy + y)dy]
c

Case (i) C is the line y = x.
W, = [l(x2-y?+x)dx- Q2xy+y) dy]

y=x
(dy = dx)

1
= [(-2x%)dx
0

2

3
Case (ii): C is the curve y* = x.

W= [[(x2—-y2+x)dx - Qxy+y) &)
x=y2

(dx =2y dy)

1
= [y’ -2y’ - y) dy
0

2

3

Comment As the works done by the force, when it moves the particle a.lonfoz/eo
different paths from (0, 0) to (1, 1), are equal, the force may be a conservative .

—

Infact, F isa conservative force, as F 18 irrotational.



| RN REEEE
It can be verified that the work done by F when it moves the particle from (0, 0)
to (1, 1) along any other path (such as x2=y)is also equal 1 —é‘—-

= = 27 + xj + vk, when it moves a

Example 4 Find the work done by the force F
J + tk from t=0tot=2n

arc of the curve 7 = cos fi + sin / . _ ‘
e tric equations of the

particle along the
ion of the curve C, we get the parame

From the vector equat
curve as x = cos f, y=sinf, z=1.

Work done by F =J'1_"_-dF
=
=f (zf +x] +yk): (dxi +dyJ +dzk)
c

=[ (zdx+x dy+ydz)
A .

27 5 ,
= [ [t (~sin 1) + cos” I + Sin rldt

0
2r

) 1 sin 21
=[tcost—sinf+ |1+ —-Ccos !
2 2 5

=Q2r+n-1)-(1)
=3

Example 5 Evaluate § F - d7, where F =(siny)i +x(l+cosy)j + zk and Cis
C

the circle x2 + y? = a? in the xy-plane.

Given integral =J' [sin y; + x(1 + cos »j+zkl- (dxi + dy}_° +dzk)
c

= [ [sin y dx + x(1 +cos y) dy + zdz]

(Iz-l-yz =a’
z=0

= [ [sin ydx + x(1+cos y)dy]

2
X +y3 =qa?
L

Since C' is a closed curve, we use the parametric equations‘ of C, namely x = a cos
Q, y =asin 6 and the parameter 8 as the variable of integration. To move around the
circle C once completely, 6 varies from 0 to 2 .

Now, given integral ,=,f[(siﬁ y dx + x cos y dy) + x dy]

= [[d(x sin y) + x dy]

2r
= b[ (d [a cos 6 sin (a sin 8)] + a® cos? 9 d6)



. - 2
=[acosr9~s1n(asin9)+a_2._(e+ sin 29)} g
2 2
0

= ma*

vind the = ;
fxample 6  Find the work done by the force F = (2xy + z3)j + x2j 4+3x22 k,

when it moves a particle from (1, =2, 1) to (3, 1, 4) along any path
To cvaluate_lh.c work done by a force, the equation of the path and the terminal
points must be given. As the equation of the path is not given in this problem, we

sess that the given force F' is conservative. Let us verify whether F is conserva-
ive, . €. irrotational.

i j K

yxF=| £ <2 9
dx dy 0dz

2xy+z3 x?2 3xz?

=(0-0) -(3z2-3z2%)j +(2x-2x)k
=0
. F is irrotational and hence conservative.
. Work done by F depends only on the terminal points.
Since F is irrotational, let F = V.
It is casily found that ¢ = x%y + z'x + c.
(3.1.4)

Work doneby F = [F-dF
(1,-2.1)

(3.1.4)
= [V¢-dr
(1,.-2,1)

(3.1.4)

= jd¢.

(L,-2,1)

(3.1.4)

= [¢(X, Y, Z)](L—Z. 1)

7 .. (3.1,4)
=[,T")-+22x+(']“._2.1)

=201 +¢)- (-1 +¢)
=202.
Example 7 Find the work done by the force F = yGxy—z2)i +x(2x%y - A

d‘Ony zk , when it moves a particle around a closed curve C. To evaluate the work
e by a force, the equation of the path C and the terminal points must be given.



R s}

moves around this curve once con.
he initial as well as the final point,
we guess that the given force 7 g
as verified below.

Since C is a closed curve and the particle
pletely, any point (X, Yo 2o ) Can be taken as t
But the equation of C is not given. Hence
conservative, i.e. irrotational. Actually it is $O,

i j k
S| F )
VxF = ax ady dz
3y2x2 —yz? 2xdy —22x  —2xYyZ

—(2xz +2x2)i - (2y2+ DD +(6 xty—-22-06x v + 29k

=0
- Since F is irrotational, let F & Vo,

- Work done by F = §F -dr
c
=§V¢-d?’
C

(X ')'(}.Zg)
= jd¢

(xﬂv.‘rnvzo)
= P(xg. Yo 20) — (X0 Yo Z0)
=0

Example 8 Evaluate HZ-d.?, where A =12 x*yi - 3yzj + 2zk and S is the
s

portion of the plane x +y + 2 = 1 included in the first octant.
Given integral I = HZ N dg), where 7 is the unit normal to the surface S given by
A

z
¢=c, C
ie. ~ x+y+z=1
p=x+y+z
B
TS o)
Vo=i+j+k . i
A L 5. 3. 7F A
n=—(U+j+k
73 )
Fig. 2.4

I=g(12x2yf—~3yz]+221?)'—1—3—(i-+]'+12)d8

5

(12x2y -3yz +27) dS

1
=5
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To convert the surface integral as a double integral, we project the surface § on
the voy - plane. Then dS cos y=dA, where yis the 'mgle between the surface S and

plane, i.e. the angle between n and k. .. cos y=1 - k

the X0Y -
da dxdy
dS ===
n-k 1
V3
1 ¢ dx d)’
[=— (12x2y-3yz +22)
7 i T
ﬁ

[* the projection of S on the xoy plane is AOAB]

= H[l2,\'3y =3y(l=-x-y)+2(1-x-y)}dxdy
AOAB )

Mfe To express the integrand as a function of x and y only, z is expressed as
2 function of x and y from the equation of §.

1 1=Y
Iz"j I(IEI?)’+3X}’+3)’2 —-5y—2x+2)dxdy
00

1 1
=j[4y(l—.)')3 +37y(1—,v)2 +3y2(1-y)-5y(l-y)-(1-y)? +2(1—y)} dy
0

_49
~120

Example 9 Evaluate [[F -dS, where F = yzi + zxJ + xyk and S is the part of

the sphere x2 + y2+ z2 = 1 that lies in the first octant.
Given integral I = [[ F - /i dS, where 7 is the unit normal to the surface S given by
p=cie. x>+y*+z’=1
p=x2+y2+ 22
Vt;1)=2.):i—+2y]T +2zk
2xi +2yj +2zk
J4(x2 +y2+22)

n=

_2(xi +yj +zk)
,/4><l

=x] ¥ 37 +2F.

[ the point (x, y, ) lies on S]

I =H(yzi_+ Zxj +xyk)- (xi + yj +2k)dS
s



” o ds

dxd
= fjanr: S22

R n- .’(
where R is the region in the xy-plane bounded by
the circle x° 4+ v° = 1 and lying in the first quadrant.
dx dy

I-H xyz —

Fig. 2.5

p V1=
= I I3.1fy dxdy

} x 2 Vi-r
= {3y (——) dy
0 2 0

1
=2 [y(-y2)dy
0




